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LIOUVILLE ACTION AND HOLOGRAPHY ON
QUASI-FUCHSIAN DEFORMATION SPACES
JINSUNG PARK AND LEE-PENG TEO
Abstract. We study the Liouville action for quasi-Fuchsian groups
with parabolic and elliptic elements. In particular, when the group is
Fuchsian, the contribution of elliptic elements to the classical Liouville
action is derived in terms of the Bloch-Wigner functions. We prove the
first and second variation formulas for the classical Liouville action on
the quasi-Fuchsian deformation space. We prove an equality express-
ing the holography principle, which relates the Liouville action and the
renormalized volume for quasi-Fuchsian groups with parabolic and el-
liptic elements. We also construct the potential functions of the Ka¨hler
forms corresponding to the Takhtajan-Zograf metrics associated to the
elliptic elements in the quasi-Fuchsian groups.
1. Introduction
In this paper, we study the Liouville action for quasi-Fuchsian groups
with parabolic and elliptic elements. We also prove an equality expressing
the holography principle, that is, a relationship between the Liouville action
and the renormalized volume for quasi-Fuchsian groups. This work can
be considered as a continuation of the previous papers [9], [7] where we
restricted types of the quasi-Fuchsian groups. In [7], we considered the case
of quasi-Fuchsian groups with only parabolic elements. A main novelty of
this paper is the derivation of the contributions of the elliptic elements to
the Liouville action and the holography principle. Interestingly, such new
contributions are given in terms of the Bloch-Wigner functions, which are
variants of the dilogarithm functions.
Now we introduce some notations to explain main results of this paper.
Let Γ be a quasi-Fuchsian group in PSL(2,C) with its region of disconti-
nuity Ω = Ω1 ⊔ Ω2. Let X ≃ Γ\Ω1 and Y ≃ Γ\Ω2 be the corresponding
Riemann surfaces with opposite orientations. We allow Γ to have some par-
abolic elements and elliptic elements, so that the Riemann surfaces X and
Y have possibly punctures and ramification points. We also assume some
topological conditions so that X and Y can be equipped with hyperbolic
metrics. The first part of this paper deals with the Liouville action for these
Key Words: quasi-Fuchsian group, Teichmu¨ller space, Weil-Petersson metric,
Takhtajan-Zograf metric, Liouville action, renormalized volume, holography.
2010 Mathematics Subject Classification. Primary 14H60, 32G15 ; Secondary 53C80.
1
2 JINSUNG PARK AND LEE-PENG TEO
Riemann surfaces. Since these Riemann surfaces have punctures and rami-
fication points, we need to check behaviours of the metrics near these points
in order to define the Liouville action. By some estimates, we show that
the Liouville action can be defined for the hyperbolic metric for Riemann
surfaces with punctures and ramification points. The Liouville action de-
fined for the hyperbolic metric is called classical. The new results of the
first part are descriptions of the classical Liouville action over the deforma-
tion space D(Γ) of the quasi-Fuchsian groups. For the precise definitions of
these, see the subsection 2.2 and the paragraph near equality (2.3) respec-
tively. In particular, we derive the contribution of the elliptic elements to
the classical Liouville action when the group Γ is Fuchsian and obtain the
first and second variational formulas of the classical Liouville action over
D(Γ). The following theorem is given at Theorems 2.5, 3.3, and 3.5 with
more explanations.
Theorem 1.1. When Γ is Fuchsian, the classical Liouville action S is given
by
S = 8πχ(X) + 4
r∑
j=1
D
(
e
2pii
mj
)
.
Here χ(X) is given by (2.1), D(z) denotes the Bloch-Wigner function given
in (2.20), and mj denotes the ramification index for j = 1, . . . , r. For the
classical Liouville action S on the deformation space D(Γ),
∂S = ϑ, ∂¯∂S = −2iωWP .
Here ϑ denotes the (1, 0)-form over D(Γ) corresponding to the holomorphic
quadratic differential 2ϕzz−ϕ2z for the hyperbolic metric eϕ(z)|dz|2 and ωWP
denotes the Weil-Petersson symplectic form over D(Γ).
Although the above results of the Liouville action hold only along the hy-
perbolic metrics, the Liouville action can be defined for any metrics which
have same singular behaviours as the hyperbolic metric near punctures and
ramifications points. We denote the set of such metrics over X ⊔ Y by
CM(X ⊔ Y ). By the holography principle, the Liouville action of a metric
is expected to have a relationship with the renormalized volume of a hy-
perbolic 3-manifold which has the given pair of Riemann surfaces X ⊔ Y
as conformal boundaries [5], [9], [7]. Such a hyperbolic 3-manifold M is
given by the quotient of the hyperbolic 3-space by the quasi-Fuchsian group
Γ. Since we allow punctures and ramification points for X and Y , corre-
spondingly the manifold M has rank one cusps and conical singularities of
codimension 2. The second part of this paper deals with the proof of this
relationship expected from the holography principle. The main task for this
is to elaborate the analysis for contribution from rank one cusps and con-
ical singularities. The case of rank one cusps was also discussed briefly in
[7] and these singular structures did not produce any additional terms, but
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the conical singularities of codimension 2 produce some additional terms ex-
pressed by the Bloch-Wigner functions. A metric eφ(z)|dz|2 ∈ CM(X⊔Y ) is
used to renormalize the hyperbolic volume of M near conformal boundaries
X ⊔ Y as in other works [3], [5], [9], but we also need other regulariza-
tion process near rank one cusps and conical singularities of codimension 2.
In this way, we can regularize the hyperbolic volume of M and define the
Einstein-Hilbert action E [φ] by (4.12), which is the same as −4 times of the
renormalized volume. The following theorem is given at Theorem 4.8 with
more explanations.
Theorem 1.2. For eφ(z)|dz|2 ∈ CM(X ⊔ Y ),
E [φ] = S[φ]−
∫∫
X⊔Y
eφ(z)d2z − 8πχ(X) log 2− 4
r∑
j=1
D
(
e
2pii
mj
)
.
In the above equality, the terms given by the Bloch-Wigner functions are
derived from the conical singularities of codimension 2 of M . Correspond-
ingly, as we stated in Theorem 1.1, the exactly same terms appear as the
contribution of the elliptic elements to the classical Liouville action S when
Γ is Fuchsian. A hyperbolic manifold with conical singularities of codimen-
sion 2 is called a hyperbolic manifold with particles in [4]. Hence, it seems to
be interesting to understand the terms given by the Bloch-Wigner functions
in Theorem 1.2 from the viewpoint of [4].
Recently Takhtajan and Zograf introduced a metric associated to a rami-
fication point over a Riemann surface in [11]. The precise definition for this
is given in Section 5. For a quasi-Fuchsian group with elliptic elements, this
metric can be defined for each pair of ramification points in X ⊔ Y deter-
mined by an elliptic element. Considering Theorems 1.1 and 1.2, one would
naturally ask about the construction of potential functions of the Ka¨hler
forms corresponding to these metrics on the quasi-Fuchsian deformation
space D(Γ). Employing machinery to prove aforementioned theorems, we
construct such potential functions in two ways. The first one is constructed
analytically from the hyperbolic metric over X ⊔ Y , and the second one is
constructed geometrically from M . The precise definitions of these and the
corresponding results are given in Section 5.
Now we explain the structure of this paper. In Section 2, we construct
the Liouville action over quasi-Fuchsian deformation space D(Γ) and derive
the elliptic contribution to the classical Liouville action when Γ is Fuchsian.
In Section 3, we prove the results for variation formulas of the classical
Liouville action. In Section 4, we prove the equality relating the Liouville
action to the Einstein-Hilbert action. In Section 5, we construct potential
functions of the Takhtajan-Zograf metric associated to elliptic elements in
Γ. In Appendix A, we provide some estimates for the hyperbolic metric near
punctures and ramification points.
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2. The Liouville action functional on quasi-Fuchsian
deformation spaces
Consider a Riemann surface of finite type X, with genus g, n ≥ 0 punc-
tures, and r ≥ 0 ramified points with ramification indices m1, m2, . . ., mr,
where 2 ≤ m1 ≤ m2 ≤ . . . ≤ mr. We say that the Riemann surface is of
type (g, n;m1,m2, . . . ,mr). The characteristic of the surface X is given by
χ(X) = 2g − 2 + n+
r∑
i=1
(
1− 1
mi
)
. (2.1)
In this work, we assume that χ(X) > 0 so that the surface X is a hyper-
bolic surface. Then we can realize X as a quotient space Γ\U, where U is
the upper half plane, and Γ is a Fuchsian group of the first kind. Here Γ
is a finitely generated cofinite discrete subgroup of PSL(2,R) which has a
standard representation with 2g hyperbolic generators α1, β1, . . . , αg, βg, n
parabolic generators κ1, . . . , κn, and r elliptic generators τ1, . . . , τr of orders
m1, . . . ,mr respectively, satisfying the relation
α1β1α
−1
1 β
−1
1 . . . αgβgα
−1
g β
−1
g κ1 . . . κnτ1 . . . τr = I,
where I is the identity element in Γ. The group is normalized by prescribing
three of the fixed points of the generators. For example, if g ≥ 1, the group
is normalized so that the attracting and repelling fixed points of α1 are 0
and ∞ respectively, and the attracting fixed point of β1 is 1.
Assume that 3g−3+n+r > 0, so that the moduli space of X has positive
dimension. In this section, we discuss how to construct the Liouville action
on the quasi-Fuchsian deformation spaces. The construction is similar to
our previous works [9], [7] for quasi-Fuchsian deformation spaces of compact
Riemann surfaces and Riemann surfaces with punctures, but we have to
take care of the elliptic elements.
Given a marked, normalized, quasi-Fuchsian group Γ, its region of discon-
tinuity Ω has two invariant components Ω1 and Ω2 separated by a quasi-circle
C. Let X ≃ Γ\Ω1 and Y ≃ Γ\Ω2 be the corresponding marked Riemann
surfaces with opposite orientations. We say that the quasi-Fuchsian group is
of type (g, n;m1,m2, . . . ,mr) if both the Riemann surfaces X and Y are of
type (g, n;m1,m2, . . . ,mr). There exists a quasiconformal homeomorphism
J1 of Cˆ such that
QF1 J1 is holomorphic on U and J1(U) = Ω1, J1(L) = Ω2, J1(R) = C,
where U and L are respectively the upper and lower half planes.
QF2 J1 fixes 0, 1 and ∞.
QF3 Γ1 = J
−1
1 ◦ Γ ◦ J1 is a marked, normalized Fuchsian group.
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This implies that X ≃ Γ1\U. There is also a quasiconformal homeomor-
phism J2 of Cˆ, holomorphic on L, with a Fuchsian group Γ2 = J
−1
2 ◦ Γ ◦ J2
so that Y ≃ Γ2\L. The hyperbolic metric eφhyp(z)|dz|2 on Ω = Ω1 ⊔ Ω2 is
given explicitly by
ρ(z) = eφhyp(z) =
∣∣(J−1i )z (z)∣∣2∣∣Im (J−1i (z))∣∣2 , if z ∈ Ωi, i = 1, 2. (2.2)
This is a pull-back by the map J−1 : Ω1 ⊔ Ω2 → U ⊔ L of the hyperbolic
metric on U ⊔ L, where J |U = J1|U and J |L = J2|L.
Denote by D(Γ) the deformation space of the quasi-Fuchsian group Γ. It
is a complex manifold of dimension 6g − 6 + 2n+ 2r. It is known that
D(Γ) ≃ T(Γ1)× T(Γ2) (2.3)
where T(Γi) is the Teichmu¨ller space of Γi for i = 1, 2. For details about
the definition of D(Γ), we refer the readers to [9]. The holomorphic tangent
space of D(Γ) at the origin is identified with Ω−1,1(Γ) – the complex vector
space of harmonic Beltrami differentials. The Weil-Petersson Ka¨hler form
on D(Γ) is induced by the pairing
〈µ, ν〉WP =
∫∫
X⊔Y
µ(z)ν(z)ρ(z)d2z (2.4)
for µ, ν ∈ Ω−1,1(Γ).
In the following two subsections, we present the construction of the Li-
ouville action over D(Γ). For this, basically we follow the construction in
[9] where the quasi-Fuchsian group Γ is assumed to have no parabolic and
elliptic elements. Since these type elements are allowed in this paper, we
take care of these in the construction and explicate the difference when they
contribute nontrivially. To avoid much repetition, we will skip some part of
the construction and refer to the section 2 of [9] for details.
2.1. Homology construction. Start with a marked Fuchsian group Γ of
type (g, n;m1,m2, . . . ,mr), the double homology complex K•,• is defined as
S• ⊗ZΓ B•, a tensor product over the integral group ring ZΓ, where S• =
S•(U) is the singular chain complex of U with the differential ∂
′, considered
as a right ZΓ-module, and B• = B•(ZΓ) is the standard bar resolution
complex for Γ with differential ∂′′. The associated total complex Tot K is
equipped with the total differential ∂ = ∂′ + (−1)p∂′′ on Kp,q.
There is a standard choice of the fundamental domain F ⊆ U for Γ as
a non-Euclidean polygon with 4g+2n+2r edges labeled by ak, a
′
k, b
′
k, bk; 1 ≤
k ≤ g, ci, c′i; 1 ≤ i ≤ n and dj, d′j ; 1 ≤ j ≤ r satisfying αk
(
a′k
)
= ak, βk
(
b′k
)
=
bk, 1 ≤ k ≤ g, κi
(
c′i
)
= ci, 1 ≤ i ≤ n and τj
(
d′j
)
= dj , 1 ≤ j ≤ r. The
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orientation of the edges is chosen such that
∂′F =
g∑
k=1
(ak + b
′
k − a′k − bk) +
n∑
i=1
(ci − c′i) +
r∑
j=1
(dj − d′j). (2.5)
Set ∂′ak = ak(1) − ak(0), ∂′bk = bk(1) − bk(0), ∂′ci = ci(1) − ci(0), ∂′dj =
dj(1)− dj(0), so that ak(0) = bk−1(0); 2 ≤ k ≤ g, ci(0) = c′i−1(0), 2 ≤ i ≤ n,
c1(0) = bg(0), a1(0) = d
′
r(0). The relations between the vertices of F and
the generators of Γ are the following: α−1k (ak(0)) = bk(1), β
−1
k (bk(0)) =
ak(1), 1 ≤ k ≤ g; γk (bk(0)) = bk−1(0), 2 ≤ k ≤ g, γ1 (b1(0)) = a1(0);
κ−1i (ci(0)) = ci+1(0), 1 ≤ i ≤ n − 1; τ−1j (dj(0)) = dj+1(0), 1 ≤ j ≤ r − 1.
Here γk = [αk, βk] = αkβkα
−1
k β
−1
k .
a
b
b
ab
b
c
c
d
d d
1
1
1
1
1
c1
1 d1
a2
2
2
2 c
2 2
’
’’
a’
’
2’
’
’
2
Figure 1. The convention of the fundamental domain F .
According to the isomorphism S• ≃ K•,0, the fundamental domain F is
identified with F ⊗ [ ] ∈ K2,0. We have ∂′′F = 0, and it follows from (2.5)
that
∂′F =
g∑
k=1
(
β−1k (bk)− bk − α−1k (ak) + ak
)− n∑
i=1
(
κ−1i (ci)− ci
)
−
r∑
j=1
(
τ−1j (dj)− dj
)
=∂′′L,
where L ∈ K1,1 is given by
L =
g∑
k=1
(bk ⊗ [βk]− ak ⊗ [αk])−
n∑
i=1
ci ⊗ [κi]−
r∑
j=1
dj ⊗ [τj] . (2.6)
LIOUVILLE ACTION AND HOLOGRAPHY 7
There exists V ∈ K0,2 such that
∂′L = ∂′′V −
n∑
i=1
xi ⊗ [κi]−
r∑
j=1
zj ⊗ [τj ]. (2.7)
Here xi = ci(1) are representatives of the punctures of the Riemann surface
X = Γ\U on R∪{∞} and zj = dj(1) are representatives of the ramification
points of X on U. In the presence of ramification points, the expression for
V is much more complicated. One can verify that it is given by
V =
g∑
k=1
(
ak(0) ⊗ [αk|βk]− bk(0)⊗ [βk|αk] + bk(0)⊗
[
γ−1k |αkβk
])
−
g−1∑
k=1
bg(0)⊗
[
γ−1g . . . γ
−1
k+1|γ−1k
]
+
n−1∑
i=1
c1(0) ⊗ [κ1 · · · κi|κi+1] +
r−1∑
j=0
c1(0)⊗ [κ1 . . . κnτ1 · · · τj|τj+1] .
(2.8)
Define
Σ = F + L− V.
Then
∂Σ = −
n∑
i=1
xi ⊗ [κi]−
r∑
j=1
zj ⊗ [τj ].
When Γ contains parabolic or elliptic elements, Σ is not a cycle.
Finally, we also define W in the following way. Let Pk be a Γ-contracting
path (see [9] for the definition of Γ-contractible) connecting 0 to bk(0). Then
W =
g∑
k=1
(
Pk−1 ⊗ [αk|βk]− Pk ⊗ [βk|αk] + Pk ⊗
[
γ−1k |αkβk
])
−
g−1∑
k=1
Pg ⊗
[
γ−1g . . . γ
−1
k+1|γ−1k
]
+
n−1∑
i=1
Pg ⊗ [κ1 . . . κi|κi+1]
+
r−1∑
j=0
Pg ⊗ [κ1 . . . κnτ1 . . . τj|τj+1] .
If Γ is a quasi-Fuchsian group, let Γ1 be the Fuchsian group such that
Γ1 = J
−1
1 ◦Γ◦J1. The double complex associated with Ω = Ω1⊔Ω2 and the
group Γ is a push-forward by the map J1 of the double complex associated
with U ⊔ L and the group Γ1.
Σ1 =J1(Σ) = F1 + L1 − V1,
Σ2 =J1
(
Σ¯
)
= F2 + L2 − V2,
where F1 = J1(F ), F2 = J1(F¯ ), L1 = J1(L), L2 = J1(L¯), V1 = J1(V ),
V2 = J1(V¯ ). Note that Σ1 − Σ2 is a cycle only when there is no elliptic
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elements in Γ. In the general case we consider in this paper, Σ1 −Σ2 is not
a cycle.
2.2. Cohomology construction. The corresponding double complex in
cohomology C•,• is defined as Cp,q = HomC (Bq,A
p), where A• is the com-
plexified de Rham complex on Ω = Ω1 ⊔ Ω2. The associated total complex
TotC is equipped with the total differential D = d+ (−1)pδ on Cp,q, where
d is the de Rham differential and δ is the group coboundary. The natural
pairing 〈 , 〉 between Cp,q and Kp,q is given by the integration over chains.
Let ϕ = φhyp, where e
φhyp(z) |dz|2 is the hyperbolic metric on Ω given by
(2.2). Denote by CM(X⊔Y ) the space of conformal metrics on Γ\Ω = X⊔Y
satisfying certain regularity conditions at the parabolic and elliptic fixed
points of Γ. That is, every ds2 ∈ CM(X ⊔ Y ) is represented as ds2 =
eφ(z)|dz|2, where φ is a smooth function on Ω satisfying
φ ◦ γ + log |γ′|2 = φ ∀ γ ∈ Γ,
and
φ(z)− ϕ(z) = O(1)
as z approaches the parabolic and elliptic fixed points of Γ. Since J−1
is univalent on Ω1 ⊔ Ω2, from (2.2), we find that ϕ(z) is regular when z
approaches the elliptic fixed points, and so does φ(z).
The Liouville action is a function on the space of conformal metrics. Its
construction is as follows. Starting with the 2-form
ω[φ] =
(
|φz|2 + eφ
)
dz ∧ dz¯ ∈ C2,0, (2.9)
we have
δω[φ] = dθˇ[φ],
where θˇ[φ] ∈ C1,1 is given explicitly by
θˇγ−1 [φ] =
(
φ− 1
2
log |γ′|2 − 2 log 2− log |c(γ)|2
)(
γ′′
γ′
dz − γ
′′
γ′
dz¯
)
. (2.10)
Here c(γ) is the element c in the linear fractional transformation γ =(
a b
c d
)
. Notice that θˇγ−1 [φ] = 0 if c(γ) = 0.
Next, set
uˇ = δθˇ[φ] ∈ C1,2.
From the definition of θˇ and δ2 = 0, it follows that the 1-form uˇ is closed.
An explicit calculation gives
uˇγ−11 ,γ
−1
2
=−
(
1
2
log |γ′1|2 + log
|c(γ2)|2
|c(γ2γ1)|2
)(
γ′′2
γ′2
◦ γ1 γ′1 dz −
γ′′2
γ′2
◦ γ1 γ′1 dz¯
)
+
(
1
2
log |γ′2 ◦ γ1|2 + log
|c(γ2γ1)|2
|c(γ1)|2
)(
γ′′1
γ′1
dz − γ
′′
1
γ′1
dz¯
)
.
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Remark 2.1. Notice that for a linear transformation γ,
−2c(γ) = γ
′′(z)
(γ′(z))
3
2
. (2.11)
Hence, θˇγ−1 [φ] and uˇγ−11 ,γ
−1
2
can be rewritten as
θˇγ−1 [φ] =
(
φ− log
∣∣∣∣γ′′γ′
∣∣∣∣2
)(
γ′′
γ′
dz − γ
′′
γ′
dz¯
)
, (2.12)
uˇγ−11 ,γ
−1
2
=−
(
log
∣∣∣∣γ′′2γ′2 ◦ γ1
∣∣∣∣2
)(
γ′′2
γ′2
◦ γ1 γ′1 dz −
γ′′2
γ′2
◦ γ1 γ′1 dz¯
)
+
(
log
∣∣∣∣(γ2 ◦ γ1)′′(γ2 ◦ γ1)′
∣∣∣∣2
)(
(γ2 ◦ γ1)′′
(γ2 ◦ γ1)′ dz −
(γ2 ◦ γ1)′′
(γ2 ◦ γ1)′
dz¯
)
−
(
log
∣∣∣∣γ′′1γ′1
∣∣∣∣2
)(
γ′′1
γ′1
dz − γ
′′
1
γ′1
dz¯
)
.
(2.13)
For eφ(z)|dz|2 ∈ CM(X ⊔ Y ), the Liouville action is defined as
S[φ] =
i
2
(
〈ω[φ], F1 − F2〉 − 〈θˇ[φ], L1 − L2〉+ 〈uˇ,W1 −W2〉
)
, (2.14)
where W1 = J1(W ) and W2 = J1(W¯ ). When e
φ = eϕ is the hyper-
bolic metric, S[ϕ] is well-defined by Theorem A.5. For a conformal metric
eφ(z)|dz|2 ∈ CM(X ⊔ Y ), S[φ] is also well-defined since φ(z) − ϕ(z) = O(1)
as z approaches the parabolic and elliptic fixed points.
Remark 2.2. When Γ contains elliptic elements, Σ1 − Σ2 is not a cycle.
Hence, it is not clear that the Liouville action defined above is independent
of the choice of fundamental domains. By Theorem 4.8, the Liouville action
is equal to the renormalized volume of the corresponding hyperbolic three-
manifold defined by Γ up to some constants. This shows that the Liouville
action is indeed independent of the choice of fundamental domain.
Remark 2.3. In [9], the Liouville action was originally defined by
S[φ] =
i
2
(
〈ω[φ], F1 − F2〉 − 〈θˇ[φ], L1 − L2〉+ 〈Θˇ, V1 − V2〉
)
(2.15)
where Θˇ ∈ C0,2 with dΘˇ = uˇ. It can be shown that the definition in (2.15)
is equivalent to the definition in (2.14) by
〈uˇ,W1 −W2〉 =〈dΘˇ,W1 −W2〉 = 〈Θˇ, ∂′(W1 −W2)〉 = 〈Θˇ, V1 − V2〉
where we used ∂′(W1 −W2) = V1 − V2.
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2.3. Classical Liouville action for Fuchsian groups. Let eϕ(z)|dz|2 be
the hyperbolic metric on Ω = Ω1 ⊔ Ω2. The critical point of the Liouville
action along a conformal family of metrics appears at the hyperbolic metric.
We call
S = S[ϕ] =
i
2
(
〈ω,F1 − F2〉 − 〈θˇ, L1 − L2〉+ 〈uˇ,W1 −W2〉
)
the classical Liouville action. Here,
ω = ω[ϕ], θˇ = θˇ[ϕ].
Let us consider the case where Γ is a Fuchsian group. In [9] we prove
that if Γ is a cocompact Fuchsian group, then the classical Liouville action
is equal to 8π(2g− 2), where g is the genus of the compact Riemann surface
Γ\U. In other words,
S = 8πχ(X)
when Γ\U ≃ X is a compact Riemann surface. It is natural to ask whether
this is still true when Γ\U ≃ X is a surface of type (g, n;m1,m2, . . . ,mr).
When Γ is a Fuchsian group,
ω = 2eϕdz ∧ dz¯,
so that δω = 0. Hence dθˇ = 0. This implies that θˇ = dκ for some κ. It
follows that
〈uˇ,W1 −W2〉 = 〈δdκ,W1 −W2〉 = 〈δκ, V1 − V2〉 = 〈κ, ∂′′(V1 − V2)〉.
Applying the equality of (2.7) to the double complex associated to the action
of the Fuchsian group on U ⊔ L, we find that
∂′L1 − ∂′L2 = ∂′′V1 −
n∑
i=1
vi ⊗ [κi]−
r∑
j=1
zj ⊗ [τj]
− ∂′′V2 +
n∑
i=1
vi ⊗ [κi] +
r∑
j=1
z¯j ⊗ [τj]
= ∂′′V1 − ∂′′V2 −
r∑
j=1
(zj − z¯j)⊗ [τj ]. (2.16)
Hence,
〈uˇ,W1 −W2〉 = 〈θˇ, L1 − L2〉+
r∑
j=1
〈κ, (zj − z¯j)⊗ [τj]〉.
Therefore, when Γ is a Fuchsian group, the classical Liouville action is given
by
S = 2
∫∫
X⊔X¯
eϕd2z +
i
2
r∑
j=1
〈κ, (zj − z¯j)⊗ [τj ]〉. (2.17)
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This shows that when Γ does not contain elliptic elements, we indeed have
S = 8πχ(X). When Γ contains elliptic elements, there is an additional term
given by
i
2
r∑
j=1
〈κ, (zj − z¯j)⊗ [τj]〉.
Let us compute this term. By the definition of κ, we have
〈κ, (zj − z¯j)⊗ [τj ]〉 =κτj (zj)− κτj(z¯j)
=
∫ zj
z¯j
θˇτj
=−
∫ zj
z¯j
log y2 + log ∣∣∣∣∣τ
−1′′
j
τ−1′j
∣∣∣∣∣
2
τ−1′′j
τ−1′j
dz − τ
−1′′
j
τ−1′j
dz¯
 .
Now τj = ρjλmjρ
−1
j , where
ρj =
(−̟e−iαz¯j ̟eiαzj
−̟e−iα ̟eiα
)
, λmj =
e piimj 0
0 e
− pii
mj
 , (2.18)
where α is a constant and ̟2 = (zj − z¯j)−1. Hence,
τ−1j (z) =
(zje
iβ − z¯je−iβ)z − zj z¯j(eiβ − e−iβ)
(eiβ − e−iβ)z − (z¯jeiβ − zje−iβ) ,
where β = π/mj . It follows that
τ−1′′j (z)
τ−1′j (z)
= − 2(e
iβ − e−iβ)
(eiβ − e−iβ)z − (z¯jeiβ − zje−iβ) .
We can choose the integration path from z¯j to zj to be the straight line from
z¯j to zj . Using the parametrization
s ∈ [−1, 1] −→ z(s) = zj + z¯j + s(zj − z¯j)
2
,
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we find that
〈κ, (zj − z¯j)⊗ [τj]〉
=2
∫ 1
−1
log
s2(4 sin2 β)
|cosβ + is sin β|2d log
cos β + is sin β
cos β − is sin β
=4
∫ 1
0
log
s2(4 sin2 β)
|cos β + is sin β|2d log
cos β + is sin β
cos β − is sin β
=8
∫ 1
0
log s d log
cos β + is sin β
cos β − is sin β + 4 log
(
4 sin2 β
) ∫ 1
0
d log
cos β + is sin β
cos β − is sin β
− 4
∫ 1
0
log |cos β + is sin β|2 d log cos β + is sinβ
cos β − is sinβ
=(I) + (II) + (III).
Let us recall the dilogarithm function
Li2(z) :=−
∫ z
0
log(1− t)
t
dt
=−
∫ 1
0
log(1− zt)
t
dt
=
∫ 1
0
log t d log(1− zt).
(2.19)
This gives
(I) =8
∫ 1
0
log s d log
1 + is tan β
1− is tan β
=8Li2 (−i tan β)− 8Li2 (i tan β) .
It is straightforward to find that
(II) =4 log
(
4 sin2 β
) ∫ 1
0
d log
cos β + is sin β
cos β − is sin β
=8iβ log
(
4 sin2 β
)
.
The computation of (III) is more complicated. It is given by the lemma
below.
Lemma 2.4. Let x and y be constants with x > 0 and x2 + y2 = 1. Then∫ 1
0
log |x+ isy|2d log x+ isy
x− isy
=log(2x) log
x+ iy
x− iy − Li2
(
x+ iy
2x
)
+ Li2
(
x− iy
2x
)
.
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Proof. Let u = x+ isy, v = x− isy. Then
I =
∫ 1
0
log |x+ isy|2 d log x+ isy
x− isy
=
∫ 1
0
(log u d log u+ log v d log u− log u d log v − log v d log v) .
On the other hand, integration by parts gives
I =−
∫ 1
0
log
x+ isy
x− isy d log |x+ isy|
2
=−
∫ 1
0
(log u d log u+ log u d log v − log v d log u− log v d log v) .
It follows that ∫ 1
0
(log u d log u− log v d log v) = 0
and
I =
∫ 1
0
(log v d log u− log u d log v)
=
∫ 1
0
(log(x− isy) d log(x+ isy)− log(x+ isy) d log(x− isy)) .
Now∫ 1
0
log(x− isy)d log(x+ isy) =
∫ x+iy
x
log(2x− t)dt
t
=
∫ x+iy
2x
1
2
(log(2x) + log(1− t)) dt
t
= log(2x) log
x+ iy
x
− Li2
(
x+ iy
2x
)
+ Li2
(
1
2
)
.
Changing y to −y gives∫ 1
0
log(x+ isy)d log(x− isy) = log(2x) log x− iy
x
− Li2
(
x− iy
2x
)
+ Li2
(
1
2
)
.
It follows that∫ 1
0
log |x+ isy|2d log x+ isy
x− isy
= log(2x) log
x+ iy
x− iy − Li2
(
x+ iy
2x
)
+ Li2
(
x− iy
2x
)
.

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From Lemma 2.4, we find that
(III) =− 4
∫ 1
0
log |cos β + is sin β|2 d log cos β + is sin β
cos β − is sin β
=− 8iβ log (2 cos β) + 4Li2
(
1
1 + e−2iβ
)
− 4Li2
(
1
1 + e2iβ
)
.
Hence,
〈κ, (zj − z¯j)⊗ [τj]〉
=8Li2 (−i tan β)− 8Li2 (i tan β) + 8iβ log
(
4 sin2 β
)
− 8iβ log (2 cos β) + 4Li2
(
1
1 + e−2iβ
)
− 4Li2
(
1
1 + e2iβ
)
=− 16i ImLi2 (i tan β) + 8i ImLi2
(
1
1 + e−2iβ
)
+ 8iβ log
2 sin2 β
cos β
.
Now let us recall that the Bloch-Wigner function D(z) is given by [13]:
D(z) = Im (Li2(z)) + arg(1− z) log |z| for z ∈ C. (2.20)
Since
log |i tan β| = log sin β
cos β
, log
∣∣∣∣ 11 + e−2iβ
∣∣∣∣ = − log(2 cos β),
arg(1− i tan β) = −β, arg
(
1− 1
1 + e−2iβ
)
= −β,
we find that
〈κ, (zj − z¯j)⊗ [τj]〉
=− 16i
(
D (i tan β) + β log
sin β
cos β
)
+ 8i
(
D
(
1
1 + e−2iβ
)
− β log(2 cos β)
)
+ 8iβ log
2 sin2 β
cos β
=− 16iD (i tan β) + 8iD
(
1
1 + e−2iβ
)
.
(2.21)
Using the identity (see [13])
D(z) =
1
2
[
D
(z
z¯
)
+D
(
1− 1/z
1− 1/z¯
)
+D
(
1/(1− z)
1/(1− z¯)
)]
,
we find that
D(i tan β) =
1
2
[
D(−1) +D(−e−2iβ) +D(e2iβ)
]
.
By definition,
D
(
eiθ
)
=
∞∑
n=1
sinnθ
n2
.
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Hence, D(−1) = 0. On the other hand, we also have the identity (see [13])
D(z) = D
(
1− 1
z
)
.
Hence,
D
(
1
1 + e−2iβ
)
= D(−e−2iβ).
Therefore,
〈κ, (zj − z¯j)⊗ [τj ]〉 = −8iD(e2iβ).
Gathering the results above, we have
Theorem 2.5. When Γ is a Fuchsian group of type (g;n;m1,m2, . . . ,mr),
the classical Liouville action S is given by
S = 8πχ(X) + 4
r∑
j=1
D
(
e
2pii
mj
)
,
where χ(X) is given by (2.1).
3. Variations of the classical Liouville action
In this section, we want to compute the first and second variations of the
classical Liouville action on D(Γ). Most of the computations are similar to
the one given in [9] when Γ does not contain parabolic or elliptic elements.
However, we have to be careful when analysing the possible singularities
at the parabolic and elliptic fixed points. There might also be extra terms
appearing at the elliptic fixed points since the double complex Σ1 − Σ2 is
not a cycle.
Given a harmonic Beltrami differential µ, let fµ be the unique quasi-
conformal mapping with Beltrami differential µ that fixes the points 0, 1,∞.
Notice that f εµ varies holomorphically with respect to ε and thus
∂
∂ε¯
f εµ
∣∣∣∣
ε=0
= 0.
Let
f˙ =
∂
∂ε
f εµ
∣∣∣∣
ε=0
.
It follows from the definition
f εµz¯ = εµf
εµ
z
that
f˙z¯ = µ.
For any linear fractional transformation γ, let
γεµ = f εµ ◦ γ ◦ (f εµ)−1.
16 JINSUNG PARK AND LEE-PENG TEO
Then γεµ varies holomorphically with respect to ε . We collect some formulas
in the following theorem.
Lemma 3.1. Let µ be a harmonic Beltrami differential of Γ. On D(Γ), we
have the following variation formulas:
(i)
∂
∂ε
(
eϕ
εµ◦fεµ |f εµz |2
)∣∣∣∣
ε=0
= 0,
(ii)
∂
∂ε
(ϕεµ ◦ f εµ)
∣∣∣∣
ε=0
= −f˙z,
(iii)
∂
∂ε
(ϕεµz ◦ f εµf εµz )
∣∣∣∣
ε=0
= −f˙zz,
(iv)
∂
∂ε
(
ϕεµz¯ ◦ f εµf¯ εµz¯
)∣∣∣∣
ε=0
= 0,
(v)
∂
∂ε
(
log
∣∣(γεµ)′ ◦ f εµ∣∣2)∣∣∣∣
ε=0
= f˙z ◦ γ − f˙z,
(vi)
∂
∂ε
(
(γεµ)′′
(γεµ)′
◦ f εµf εµz
)∣∣∣∣
ε=0
= f˙zz ◦ γγ′ − f˙zz,
(vii)
∂
∂ε
(
(γεµ)′′
(γεµ)′
◦ f εµ
)∣∣∣∣
ε=0
= f˙zz ◦ γγ′ − f˙zz − γ
′′
γ′
f˙z.
Proof. The proof of (i) follows from the classical result of Ahlfors [1]. The
equalities (ii), (iii), (v) and (vi) are given in p.213-214 of [9]. For (iv), we
start with the following equality given in (3.6) of [9]:
∂
∂ε
(
ϕεµz¯ ◦ f εµf¯ εµz¯
)∣∣∣∣
ε=0
=−
(
ϕz f˙z¯ + f˙zz¯
)
=− (ϕzµ+ µz) .
Since µ is a harmonic Beltrami differential, i.e.,
µ = e−ϕq¯
for some holomorphic quadratic differential q, it follows immediately that
ϕzµ+ µz = 0, (3.1)
and (iv) is proved. (vii) follows immediately from (vi). 
Lemma 3.2. We have the following formulas:
f˙zz ◦ γγ′ − f˙zz = 1
2
(
f˙z ◦ γ + f˙z
) γ′′
γ′
+
c˙(γ)
c(γ)
γ′′
γ′
, (3.2)
f˙zz¯ ◦ γγ′ − f˙zz¯ = f˙z¯ γ
′′
γ′
. (3.3)
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Proof. Here we give a proof for (3.2) that is much simpler than the one given
in [9]. From (2.11), we have
log |2c(γ)|2 = log
∣∣∣∣γ′′γ′
∣∣∣∣2 − 12 log |γ′|2.
It follows from (vii) and (v) of Theorem 3.1 that
c˙(γ)
c(γ)
=
f˙zz ◦ γγ′ − f˙zz − γ
′′
γ′
f˙z
γ′′
γ′
− 1
2
(
f˙z ◦ γ − f˙z
)
,
from which (3.2) follows immediately. The equation (3.3) follows immedi-
ately by differentiating the identity
f˙z¯ ◦ γ γ
′
γ′
= f˙z¯
with respect to z. 
The Lie derivatives of the smooth family of (l,m) tensors ω on D(Γ) along
the vector field determined by µ are defined as
Lµω =
∂
∂ε
∣∣∣∣
ε=0
ωεµ ◦ f εµ(f εµz )l
(
f εµz
)m
,
Lµ¯ω =
∂
∂ε¯
∣∣∣∣
ε=0
ωεµ ◦ f εµ(f εµz )l
(
f εµz
)m
.
Let
ϑ(z) =2ϕzz − ϕ2z
=
{
2S (J−11 ) (z), if z ∈ Ω1
2S (J−12 ) (z), if z ∈ Ω2 ,
where
S(h) =
(
hzz
hz
)
z
− 1
2
(
hzz
hz
)2
=
hzzz
hz
− 3
2
(
hzz
hz
)2
is the Schwarzian derivative of h.
Theorem 3.3. On the deformation space D(Γ),
LµS =
∫∫
Γ\Ω
ϑ(z)µ(z)d2z.
Equivalently,
∂S = ϑ.
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Proof. By definition,
LµS =
i
2
(
〈Lµω,F1 − F2〉 − 〈Lµθˇ, L1 − L2〉+ 〈Lµuˇ,W1 −W2〉
)
.
As in p. 217 of [9], we find that
Lµω =− ϕz¯ f˙zzdz ∧ dz¯
=ϑµdz ∧ dz¯ − dξ,
where
ξ =2ϕz f˙z¯dz¯ − ϕdf˙z = −2f˙zz¯dz¯ − ϕdf˙z.
Here we have used the equality (3.1). It follows that
〈Lµω,F1 − F2〉 =〈ϑµdz ∧ dz¯, F1 − F2〉 − 〈dξ, F1 − F2〉
=〈ϑµdz ∧ dz¯, F1 − F2〉 − 〈δξ, L1 − L2〉.
The second equality follows from Theorem A.11 and
∂′(F1 − F2) = ∂′′(L1 − L2).
Now as in p.218 of [9], using the equality (3.3) we obtain
δξγ−1 = −2
(
f˙zz¯ ◦ γγ′ − f˙zz¯
)
dz¯ − ϕd
(
f˙z ◦ γ − f˙z
)
+ log |γ′|2d
(
f˙z ◦ γ
)
.
Now, for the second term 〈Lµθˇ, L1 − L2〉, by (v) of Lemma 3.1,
Lµ
(
ϕ− 1
2
log |γ′|2 − 2 log 2− log |c(γ)|2
)
=− f˙z − 1
2
(
f˙z ◦ γ − f˙z
)
− c˙(γ)
c(γ)
= −1
2
(
f˙z ◦ γ + f˙z
)
− c˙(γ)
c(γ)
= − f˙zz ◦ γγ
′ − f˙zz
γ′′
γ′
where the last line follows from (3.2) and
Lµ
(
γ′′
γ′
dz − γ
′′
γ′
dz¯
)
=Lµd log |γ′|2 = d
(
f˙z ◦ γ − f˙z
)
.
Hence,
Lµθˇγ−1 =
(
ϕ− 1
2
log |γ′|2 − 2 log 2− log |c(γ)|2
)
d
(
f˙z ◦ γ − f˙z
)
−
(
1
2
(
f˙z ◦ γ + f˙z
)
+
c˙(γ)
c(γ)
)(
2
γ′′
γ′
dz − d log |γ′|2
)
=
(
ϕ− 1
2
log |γ′|2 − 2 log 2− log |c(γ)|2
)
d
(
f˙z ◦ γ − f˙z
)
− 2
(
f˙zz ◦ γγ′ − f˙zz
)
dz +
(
1
2
(
f˙z ◦ γ + f˙z
)
+
c˙(γ)
c(γ)
)
d log |γ′|2.
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Let
χ = δξ + Lµθˇ.
It follows that
χγ−1 =dlγ−1 ,
where
lγ−1 =
1
2
log |γ′|2
(
f˙z ◦ γ + f˙z + 2 c˙(γ)
c(γ)
)
− (log |c(γ)|2 + 2 + 2 log 2) (f˙z ◦ γ − f˙z) .
By Lemma A.7 and Lemma A.10, lκi is well-defined when z approaches the
fixed point of κi on C. Hence, we have
〈δξ + Lµθˇ, L1 − L2〉 =〈dl, L1 − L2〉
=〈l, ∂′L1 − ∂′L2〉.
Since
Lµuˇ =Lµδθˇ = δLµθˇ = δχ = δdl = dδl,
we have
〈Lµuˇ,W1 −W2〉 =
〈
δl, ∂′(W1 −W2)
〉
= 〈δl, V1 − V2〉
=
〈
l, ∂′′V1 − ∂′′V2
〉
.
From this it follows that
LµS =
i
2
(
〈ϑµdz ∧ dz¯, F1 − F2〉 − 〈l, ∂′L1 − ∂′L2 − ∂′′V1 + ∂′′V2〉
)
.
Let vi ∈ C be the fixed point of the parabolic generator κi, and let w1j and
w2j be the fixed points of the elliptic generator τj in Ω1 and Ω2 respectively.
Then
∂′L1 − ∂′L2 =∂′′V1 −
n∑
i=1
vi ⊗ [κi]−
r∑
j=1
w1j ⊗ [τj]
− ∂′′V2 +
n∑
i=1
vi ⊗ [κi] +
r∑
j=1
w2j ⊗ [τj]
=∂′′V1 − ∂′′V2 −
r∑
j=1
(w1j − w2j)⊗ [τj ].
Hence,
LµS =
i
2
〈ϑµdz ∧ dz¯, F1 − F2〉+
〈
l,
r∑
j=1
(w1j − w2j)⊗ [τj]
〉 .
20 JINSUNG PARK AND LEE-PENG TEO
Using Lemma A.6 and the fact that τj(w1j) = w1j , τj(w2j) = w2j , one finds
that 〈
l,
r∑
j=1
(wij − w2j)⊗ [τj ]
〉
= 0.
Hence, the presence of elliptic fixed points does not contribute additional
terms. This concludes that
LµS =
i
2
〈ϑµdz ∧ dz¯, F1 − F2〉,
which is the assertion of the theorem.

Before going to the second variation, let us collect some additional varia-
tion formulas.
Lemma 3.4. Let µ be a harmonic Beltrami differential of Γ. On D(Γ), we
have the following variation formulas:
(i)
∂
∂ε¯
(ϕεµ ◦ f εµ)
∣∣∣∣
ε=0
= − ¯˙fz¯,
(ii)
∂
∂ε¯
(ϕεµz ◦ f εµf εµz )
∣∣∣∣
ε=0
= 0,
(iii)
∂
∂ε¯
(
ϕεµzz ◦ f εµ (f εµz )2
)∣∣∣∣
ε=0
= −1
2
eϕµ¯.
Proof. (i) is the complex conjugate of the formula (ii) in Lemma 3.1. Dif-
ferentiate this formula with respect to z, we have
∂
∂ε¯
(
ϕεµz ◦ f εµf εµz + ϕεµz¯ ◦ f εµf εµz
)∣∣∣∣
ε=0
= − ¯˙fzz¯.
Using ¯˙fz = µ¯, we have
∂
∂ε¯
(ϕεµz ◦ f εµf εµz )
∣∣∣∣
ε=0
= −µ¯z¯ − ϕz¯µ¯ = 0. (3.4)
The last equality follows from (3.1). Differentiating (3.4) again with respect
to z, we have
∂
∂ε¯
(
ϕεµzz ◦ f εµ (f εµz )2 + ϕεµzz¯ ◦ f εµf εµz f εµz + ϕεµz ◦ f εµf εµzz
)∣∣∣∣
ε=0
= 0.
This gives
∂
∂ε¯
(
ϕεµzz ◦ f εµ (f εµz )2
)∣∣∣∣
ε=0
= −ϕzz¯µ¯.
Then (iii) follows from the fact that the hyperbolic metric eϕ(z)|dz|2 satisfies
the Liouville equation
ϕzz¯ =
1
2
e−ϕ.

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Theorem 3.5. Let ωWP be the symplectic form of the Weil-Petersson met-
ric on D(Γ). On D(Γ),
dϑ = ∂¯∂S = −2iωWP .
Hence, −S is a Ka¨hler potential of the Weil-Petersson metric on D(Γ).
Proof. By the definition of 〈 , 〉WP in (2.4), we need to show that
Lν¯LµS = −
∫∫
Γ\Ω
µ(z)ν(z)ρ(z)d2z.
Using the result of Theorem 3.3, the fact that Lν¯µ = 0, as well as (ii) and
(iii) in Lemma 3.4, we have
Lν¯LµS =
i
2
〈
Lν¯
(
2ϕzz(z)− ϕz(z)2
)
µdz ∧ dz¯, F1 − F2
〉
=−
∫∫
Γ\Ω
µ(z)ν(z)ρ(z)d2z.
The result follows.

4. Renormalized volume of quasi-Fuchsian 3-manifold
The group PSL(2,C) acts on the hyperbolic three space
U
3 = {Z = (z, t) | z ∈ C, t > 0}
and its closure. Given γ =
(
a b
c d
)
∈ PSL(2,C), let
Jγ(Z) =
1
|cz + d|2 + |ct|2 .
Then γ maps Z to γZ, where
z(γZ) =
(
(az + b)(cz + d) + ac¯t2
)
Jγ(Z),
t(γZ) =tJγ(Z).
Given a quasi-Fuchsian group Γ ⊂ PSL(2,C), let M = Γ\U3 be the quotient
3-manifold, which is called quasi-Fuchsian 3-manifold. The boundary of M
is ∂′M = X ⊔Y ≃ Γ\Ω. In this section, we want to define the renormalized
volume of M and prove its relation to the Liouville action.
4.1. Rank one cusps. Let ζ be a parabolic fixed point of a quasi-Fuchsian
group Γ and Stabζ be the parabolic subgroup fixing ζ. We call ζ a rank one
or two cusp if Stabζ has one or two generators respectively. From now on
we consider only the rank one cusp.
The quotient of the horoball Hs = {(z, t) ∈ U3 | t ≥ s} by the rank one
parabolic subgroup Stabζ may or may not be embedded in M = Γ\U3.
Once it is embedded for some t = s0, it is also embedded for all larger
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values of s0. In this case, the embedded image is the same as π(Hs0), where
π : U3 → M denotes the projection map. This subset is homeomorphic to
{0 < |z| ≤ 1} × R. We refer to this as a solid cusp tube and its boundary
π(∂Hs0) as a cusp cylinder. A solid cusp tube has an infinite volume and a
cusp cylinder has an infinite area. For a sufficiently large s, γ(Hs)∩Hs = ∅
for γ /∈ Stabζ , while γ(Hs) = Hs for γ ∈ Stabζ .
A solid cusp tube is related to two punctures on the boundary X ⊔ Y .
There exists a pair of punctures p1 on X, p2 on Y , uniquely associated with
the conjugacy class of the rank one cusp. If c1 in X, c2 in Y are small circles
retractible to p1, p2 respectively, there is a pairing cylinder C in M , which
is a cylinder closed in M , and bounded by c1, c2. It bounds a subregion
of M called a solid pairing tube, which is homeomorphic to C × (0, 1]. The
solid pairing tubes corresponding to the different conjugacy classes of rank
one cusps can be chosen to be mutually disjoint in M . The circles c1, c2 can
be chosen so that the pair lifts to a round circles in Ω mutually tangent at
the fixed point ζ. Such a pair of circles is called a double horocycle at ζ.
Let us consider a special case when Γ is a Fuchsian group. Suppose
γ0 : z 7→ z + 1 is a generator of a rank one parabolic subgroup. Then
{z ∈ C | Im(z) = ±b} for a constant b > 1 is a double horocycle at the fixed
point ∞. Let P± ⊂ U3 denote the vertical planes rising from them and
consider Q = {(z, t) ∈ U3 | − b ≤ Im(z) ≤ b, t > 0} they bound. Truncate Q
by the half space K = {(z, t) ∈ U3 | t ≥ a} for a constant a > 1. The relative
boundary in U3 of the resulting tunnel Q \K projects to a pairing cylinder
in M . We refer to the section 3.6 of [6] for more explanations about rank
one cusps.
When the rank one cusp vi = ∞ is associated to the parabolic subgroup
generated by κi =
(
1 qi
0 1
)
, we have
σ−1i κiσi =
(
1 1
0 1
)
, where σi =
(
q
1
2
i 0
0 q
− 1
2
i
)
, (4.1)
and σi maps a horoballHs ontoH|qi|s. Hence, for vi =∞ with the associated
parabolic element
(
1 qi
0 1
)
, we define Hi,ε to be H|qi|/ε = σi(H1/ε). When
the rank one cusp vi is finite and associated with the parabolic subgroup
generated by
κi =
(
1 + qivi −qiv2i
qi 1− qivi
)
, (4.2)
we have
σ−1i κiσi =
(
1 −1
0 1
)
, where σi =
(
q
1
2
i vi −q
− 1
2
i
q
1
2
i 0
)
. (4.3)
In this case,
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Lemma 4.1. For the element σi ∈ PSL(2,C) and an open horoball Hs,
the image σi(Hs) is an open horoball tangent to C at σi(∞) = vi and with
radius (2|qi|s)−1.
Proof. It is well known that the image by σi of an open horoball Hs is a
open horoball tangent to C. Hence, it is sufficient to find the tangency point
of the horoball and its radius. For Z = (z, t), the image of σi in (4.3) of Z
is given by
σi(Z) =
(
vi − 1
qi
z¯
|z|2 + t2 ,
1
|qi|
t
|z|2 + t2
)
. (4.4)
Using this, one can check that for a fixed x0 the image of a circle
{(z, t) ∈ U3 |z = x0 + iy, t = s} ∪ {∞}
under σi is a circle satisfying |Z−Z0|2 = (2|qi|s)−2 where Z0 = (vi, (2|qi|s)−1).
Moreover it is easy to check that this circle is tangent to C at vi. The claim
follows from this. 
Using Lemma 4.1, for finite vi we define Hi,ε to be the image by σi of an
open horoball H1/ε, which is an open horoball tangent to C at σi(∞) = vi
with radius ε/2|qi|.
For s≫ 0, we consider Ks defined by
Ks := {(z, t) ∈ U3 | z = x+ iy, |y| > s}.
Note that the boundary of Hs ∪Ks for s≫ 0 projects to a pairing cylinder
in M if ∞ is a rank one cusp. For vi = ∞, we put Ki,ε to be Ks with
s = ε−1/2. For other finite vi, we define Ki,ε to be the image by σi of Ks
with s = ε−1/2.
4.2. Conical singularity. For an elliptic element τj of order mj with fixed
points w1 and w2, we have that τj = ρjλmjρ
−1
j , where
ρj =
(−̟e−iαw2 ̟eiαw1
−̟e−iα ̟eiα
)
, λmj =
e piimj 0
0 e
− pii
mj
 (4.5)
for some α and ̟2 = (w1 − w2)−1. Note that the t-axis in U3 is fixed by
λmj and it is mapped to the geodesic hj by ρj which is a semicircle in U
3
with two end points w1 and w2. We consider a neighborhood of the t-axis
defined by
Qε = {(z, t) ∈ U3 | t ≥ ε−1|z|}.
Then the neighborhood Qε is mapped to a neighborhood Qj,ε := ρj(Qε) of
the geodesic hj . Note that this subset Qj,ε is invariant under the action of
τj.
For a sufficiently small ε > 0, the quotient of Qj,ε by the finite group
generated by τj can be embedded into M , and the images corresponding to
pairs of elliptic fixed points can be mutually disjoint in M . The hyperbolic
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metric over these regions has the conical singularity of codimension 2 since
the angle around the projection image of the geodesic hj is 2π/mj .
Figure 2. Qε and Qj,ε := ρj(Qε).
A direct computation gives the following result.
Lemma 4.2. For sufficiently small ε > 0, two points (0, ε) and (0, ε−1) in
the t-axis are mapped by ρj to two points in the geodesic hj whose coordinates
are given by
ρj ((0, ε)) =
(
w1 + (w2 − w1)ε2 +O(ε4), |w1 − w2|(ε − ε3) +O(ε5)
)
,
ρj
(
(0, ε−1)
)
=
(
w2 + (w1 − w2)ε2 +O(ε4), |w1 − w2|(ε − ε3) +O(ε5)
)
.
4.3. Chain complex of the quasi-Fuchsian 3-manifold. When Γ is a
Fuchsian group, we can choose a fundamental region R for the action of Γ in
U
3 in the following way. R is bounded by the hemispheres which intersect
Cˆ along the circles that are orthogonal to R and bound the fundamental
domain F . The fundamental region R is a three-dimensional CW -complex
with a single 3-cell given by the interior of R. The 2-cells — the faces
Dk,D
′
k, Ek, E
′
k, k = 1, . . . , g, Gi, G
′
i, i = 1, . . . , n, Hj, H
′
j, j = 1, . . . , r
are given by the parts of the boundary of R bounded by the intersections
of the hemispheres and the arcs ak − a¯k, a′k − a¯′k, bk − b¯k, b′k − b¯′k, ci − c¯i,
c′i − c¯′i, dj − d¯j, d′j − d¯′j respectively. The 1-cells — the edges, are given by
the 1-cells of F1 − F2 and by e0k, e1k, f0k , f1k , sk, k = 1, . . . , g; g0i , i = 1, . . . , n
and h0j , h
1
j , j = 1, . . . , r, defined as follows. The edges e
0
k are intersections
of the faces Ek−1 and Dk joining the vertices a¯k(0) to ak(0), the edges e
1
k
are intersections of the faces Dk and E
′
k joining the vertices a¯k(1) to ak(1);
f0k = e
0
k+1 are intersections of Ek and Dk+1 joining b¯k(0) to bk(0), f
1
k are
intersections of D′k and Ek joining b¯k(1) to bk(1); sk are intersections of E
′
k
and D′k joining a¯
′
k(1) to a
′
k(1); g
0
j are intersections of G
′
j−1 and Gj joining
LIOUVILLE ACTION AND HOLOGRAPHY 25
c¯j(0) to cj(0); h
0
j are intersections of H
′
j−1 and Hj joining d¯j(0) to dj(0); and
h1j are intersections of H
′
j and Hj joining d¯j(1) to dj(1). Finally, the 0-cells
— the vertices, are given by the vertices of F . This property means that
the edges of R do not intersect in U3. When Γ is a quasi-Fuchsian group,
the fundamental region R is a topological polyhedron homeomorphic to the
geodesic polyhedron for the corresponding Fuchsian group.
As stated in p. 176 of [2] (this proof is given for a Riemann surface
with punctures, but its proof works for our case verbatim), one can show
that there exists an open set O in U3 such that R ⊂ O and a function
η ∈ C∞ (U3 ∪ Ω) such that
(i) 0 < η < 1 and supp η ⊂ O.
(ii) For each Z ∈ U3 ∪ Ω, there is a neighbourhood U of Z and a finite
set Λ of Γ such that η|γ(U) = 0 for each γ ∈ Γ \ Λ.
(iii)
∑
γ∈Γ
η(γZ) = 1 for all Z ∈ U3 ∪ Ω.
(iv) The only parabolic fixed points of Γ that lie in O are vi, i = 1, . . . , n.
(v) For a fixed constant ε0, put the region Wi := O ∩ (Hi,ε0 ∪ Ki,ε0).
Then η|γ(Wi) = 0 for γ ∈ Γ \ {id, κi, κ−1i }, where κi is the parabolic
transformation with fixed point vi.
For a given ds2 = eφ(z)|dz|2 ∈ CM(X ⊔ Y ), we define
fˆ(z, t) =
{
teφ(z)/2 for (z, t) ∈ O and t ≤ ε0/2,
1 for (z, t) ∈ O and t ≥ ε0,
and extend it to be a smooth function fˆ on O. Then let
f(Z) =
∑
γ∈Γ
η(γZ)fˆ(γZ),
which is a Γ-automorphic function on ∪γ∈ΓγR. As in [9], one can show that
f(Z) = teφ(z)/2 +O(t3) as t→ 0
uniformly on compact subsets of ∪γ∈ΓγR. Note that we allow the case
vi = ∞ in the above construction of f . Near ∞ we have the following fact
for f .
Lemma 4.3. Over the set {(z, t) ∈ Ki,ε0 | t ≤ ε0/2} for a sufficiently small
ε0 > 0, the level defining function f is given by f(Z) = te
φ(z)/2.
Proof. First, let us observe that
z(γZ) =
az + b
d
, t(γZ) =
t
|d|2
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for a parabolic element γ =
(
a b
0 d
)
. Hence, for the parabolic element
γ = κ±1i ,
t(γZ)eφ(γZ)/2 = t|d|−2eφ(γz)/2 = teφ(z)/2,
where we used eφ(γz)/2 = eφ(z)/2|cz + d|2 at the second equality. Over the
region Wi ∩ {(z, t) ∈ Ki,ε0 | t ≤ ε0/2}, we have η|γ(Wi) = 0 for γ ∈ Γ \
{id, κi, κ−1i }. Hence, for Z ∈ {(z, t) ∈ Ki,ε0 | t ≤ ε0/2},
f(Z) =
(
η t eφ/2
)
(Z) +
(
η t eφ/2
)
(κiZ) +
(
η t eφ/2
)
(κ−1i Z)
=
(
η(Z) + η(κiZ) + η(κ
−1
i Z)
)
t eφ(z)/2 = teφ(z)/2.

Due to the rank one cusps and conical singular lines, some arguments
(for instance, the Stokes’ Theorem) do not work properly without truncat-
ing some parts near rank one cusps and conical singular lines. Hence, we
truncate a noncompact domain R using the level defining function f near
the bottom boundary of R in addition to removing parts near rank one cusps
and conical singularity lines as follows:
Rε = R ∩ {f ≥ ε} \
(∪ni=1Pi,ε ∪rj=1 Qj,ε) ,
where Pi,ε := Hi,ε ∪ Ki,ε. By construction, we have
γ(Rε) = γ(R) ∩ γ({f ≥ ε}) \ γ
(∪ni=1Pi,ε ∪rj=1 Qj,ε)
for γ ∈ Γ. The boundary of Rε produced by truncations consists of
−Fε = ∂′Rε ∩ {f = ε}, T ci,ε := ∂′Rε ∩ Pi,ε, T ej,ε := ∂′Rε ∩ Qj,ε.
Let us note that T ci,ε projects to a subset in a pairing cylinder of the i-th
rank one cusp corresponding to vi. Hence the boundary of Rε is given by
∂′Rε = −Fε +
g∑
k=1
(
Dk,ε −D′k,ε − Ek,ε + E′k,ε
)
+
n∑
i=1
(
Gi,ε −G′i,ε
)
+
n∑
i=1
T ci,ε
+
r∑
j=1
(
Hj,ε −H ′j,ε
)
+
r∑
j=1
T ej,ε.
Note that Dk,ε, D
′
k,ε, Ek,ε, E
′
k,ε are truncated by removing parts {f < ε},
and that Gi,ε, G
′
i,ε are truncated by removing parts {f < ε} and Pi,ε,
Hj,ε, H
′
j,ε are truncated by removing parts {f < ε} and Qj,ε respectively.
Hence Gi,ε, G
′
i,ε have a common boundary with T
c
i,ε, and Hj,ε, H
′
j,ε have
a common boundary with T ej,ε respectively. Put g
1
i,ε := Gi,ε ∩ T ci,ε so that
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κ−1i g
1
i,ε = G
′
i,ε ∩ T ci,ε, and put h1j,ε := Hj,ε ∩ T ej,ε so that τ−1j h1j,ε = H ′j,ε ∩T ej,ε.
Let
Bε =
g∑
k=1
(Ek,ε ⊗ [βk]−Dk,ε ⊗ [αk])−
n∑
i=1
Gi,ε ⊗ [κi]−
r∑
j=1
Hj,ε ⊗ [τj]
Then we have
∂′Rε = −Fε + T cε + T eε + ∂′′Bε,
where
T cε =
n∑
i=1
T ci,ε, T
e
ε =
r∑
j=1
T ej,ε.
Let Lε denote the truncated object for L. Then
∂′Bε = Lε −
g∑
k=1
((
f1k,ε − f0k,ε
)⊗ [βk]− (e1k,ε − e0k,ε)⊗ [αk])
−
n∑
i=1
(
g0i,ε ⊗ [κi]
)
+
n∑
i=1
(
g1i,ε ⊗ [κi]
)
−
r∑
j=1
(
h0j,ε ⊗ [τj]
)
+
r∑
j=1
(
h1j,ε ⊗ [τj ]
)
.
Let
Eε =
g∑
k=1
(
e0k,ε ⊗ [αk|βk]− f0k,ε ⊗ [βk|αk] + f0k,ε ⊗
[
γ−1k |αkβk
])
−
g−1∑
k=1
f0g,ε ⊗
[
γ−1g . . . γ
−1
k+1|γ−1k
]
+
n−1∑
i=1
g01,ε ⊗ [κ1 · · · κi|κi+1]
+
r−1∑
j=1
g01,ε ⊗ [κ1 · · · κnτ1 · · · τj |τj+1].
Then
∂′Bε = Lε + L
c
ε + L
e
ε − ∂′′Eε,
where
Lcε =
n∑
i=1
g1i,ε ⊗ [κi], Leε =
r∑
j=1
h1j,ε ⊗ [τj].
We also have
∂′Eε = Vε,
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where
Vε =
g∑
k=1
(
(ak,ε(0) − a¯k,ε(0)) ⊗ [αk|βk]
− (bk,ε(0)− b¯k,ε(0)) ⊗ [βk|αk]
+ (bk,ε(0)− b¯k,ε(0)) ⊗
[
γ−1k |αkβk
] )
−
g−1∑
k=1
(bg,ε(0) − b¯g,ε(0)) ⊗
[
γ−1g . . . γ
−1
k+1|γ−1k
]
+
n−1∑
i=1
(c1,ε(0)− c¯1,ε(0)) ⊗ [κ1 · · · κi|κi+1]
+
r−1∑
j=1
(c1,ε(0)− c¯1,ε(0)) ⊗ [κ1 · · · κnτ1 · · · τj |τj+1] .
4.4. Renormalized volume and holography. As in the section 5 of [9],
let
w3 =
1
t3
dx ∧ dy ∧ dt
be the hyperbolic volume form in U3, and define
w2 =− i
4t2
dz ∧ dz¯,
(w1)γ−1 =−
i
8
log
(|ct|2Jγ(Z))(γ′′
γ′
dz − γ
′′
γ′
dz¯
)
,
so that
w3 = dw2, dw1 = δw2.
Here c = c(γ) and (w1)γ−1 = 0 if c(γ) = 0. Since U
3 is simply connected
and δw1 is closed, there exists w0 such that δw1 = dw0. As in [9], we can
choose w0 so that δw0 = 0.
Denote by Vε[φ] the hyperbolic volume ofMε — the truncated 3-manifold
of Γ\U3 obtained by identifying appropriate faces and edges of Rε. Then
Vε[φ] =〈w3, Rε〉
=〈dw2, Rε〉
=〈w2,−Fε + T cε + T eε + ∂′′Bε〉
=− 〈w2, Fε〉+ 〈w2, T cε 〉+ 〈w2, T eε 〉+ 〈δw2, Bε〉
=− 〈w2, Fε〉+ 〈w2, T cε 〉+ 〈w2, T eε 〉+ 〈w1, Lε + Lcε + Leε − ∂′′Eε〉
=− 〈w2, Fε〉+ 〈w1, Lε〉 − 〈w0, Vε〉 (4.6)
+ 〈w2, T cε 〉+ 〈w1, Lcε〉+ 〈w2, T eε 〉+ 〈w1, Leε〉.
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Denote by Aε[φ] the area of ∂
′Mε in the induced metric. When ε→ 0+, as
in the proof of Theorem 5.1 of [9], one can show that
〈w2, Fε〉 =− 1
2
Aε[φ] +
i
8
〈ω[φ], F 〉 − 1
4
∫∫
F
eφ(z)d2z + o(1),
〈w1, Lε〉 =2πχ(X) (log 2− log ε) + i
8
〈θˇ[φ], L〉+ o(1),
〈w0, Vε〉 = i
8
〈uˇ,W 〉+ o(1).
Here χ(X) is defined in (2.1). Combining (4.6) and these equalities,
Vε[φ]− 1
2
Aε[φ] = 2πχ(X) (log 2− log ε)
− i
8
(〈ω[φ], F 〉 − 〈θˇ[φ], L〉+ 〈uˇ,W 〉)+ 1
4
∫∫
F
eφ(z)d2z
+ 〈w2, T cε 〉+ 〈w1, Lcε〉+ 〈w2, T eε 〉+ 〈w1, Leε〉+ o(1)
= 2πχ(X) (log 2− log ε)− 1
4
S[φ]− ∫∫
F
eφ(z)d2z
 (4.7)
+ 〈w2, T cε 〉+ 〈w1, Lcε〉+ 〈w2, T eε 〉+ 〈w1, Leε〉+ o(1).
In the following, we are going to compute the terms 〈w2, T cε 〉, 〈w1, Lcε〉 from
rank one cusps, and the terms 〈w2, T eε 〉, 〈w1, Leε〉 from the conical singulari-
ties.
4.4.1. Computation of 〈w2, T cε 〉. Here we deal with only the case when vi is
finite since the other case is easier. For γ ∈ PSL(2,C),
(δw2)γ−1 =γ
∗w2 − w2
=
i
2
Jγ(Z)
(
|c|2dz ∧ dz¯ − c(cz + d)
t
dz ∧ dt+ c¯(cz + d)
t
dz¯ ∧ dt
)
.
Using this with γ = σi, we have
〈w2, T ci,ε〉 =〈σ∗iw2, T c0,ε〉 = 〈(δw2)σ−1i + w2, T
c
0,ε〉
=
i
2
〈( 1
|z|2 + t2 −
1
2t2
)
dz ∧ dz¯ − z¯dz − zdz¯|z|2 + t2 ∧
dt
t
, T c0,ε
〉
,
where T c0,ε = Tˆε ∪ Tˇε,
Tˆε :={(z, t) | z = x+ iy, 0 ≤ x ≤ 1, |y| ≤ 1√
ε
, t =
1
ε
}
Tˇε :={(z, t) | z = x+ iy, 0 ≤ x ≤ 1, |y| = ± 1√
ε
,
√
ε ≤ t ≤ 1
ε
}.
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Note that we used Lemma 4.3 to determine the domain Tˇε. Then,∣∣∣〈w2, T ci,ε〉∣∣∣
≤
∣∣∣ i
2
∫∫
Tˆε
(
1
|z|2 + t2 −
1
2t2
)
dz ∧ dz¯
∣∣∣+ ∣∣∣ i
2
∫∫
Tˇε
1
|z|2 + t2 2iydx ∧
dt
t
∣∣∣
≤ c(ε3/2 + ε1/2 log ε)
for a constant c > 0. Hence, 〈w2, T cε 〉 does not contribute as ε→ 0+.
4.4.2. Computation of 〈w2, T eε 〉. Recall that ρ in (4.5) maps the t-axes to
the rotation axes of the elliptic element τ . For our purpose, we may assume
that α = 0 in the expression of ρ in (4.5). For such a ρ,
Jρ(Z) =
|w1 − w2|
|z − 1|2 + t2 , −c(cz + d) =
z¯ − 1
|w1 − w2| .
Using these, we find that
〈w2, T ei,ε〉 =〈ρ∗iw2, T e0,ε〉
=〈(δw2)ρ−1i + w2, T
e
0,ε〉
=
i
2
〈( 1
|z − 1|2 + t2 −
1
2t2
)
dz ∧ dz¯, T e0,ε
〉
+
i
2
〈( (z¯ − 1)dz
|z − 1|2 + t2 −
(z − 1)dz¯
|z − 1|2 + t2
)
∧ dt
t
, T e0,ε
〉
.
Here T e0,ε is a subset in the surface {(z, t) | t = ε−1|z|} with 0 ≤ arg(z) ≤ 2πm
and aε ≤ t ≤ bε−1 for some a > 0, b > 0 by Lemma 4.2. Hence, we have∣∣∣〈( 1|z − 1|2 + t2 − 12t2
)
dz ∧ dz¯ , T e0,ε
〉∣∣∣ ≤ c1ε2 log ε,∣∣∣〈( (z¯ − 1)dz|z − 1|2 + t2 − (z − 1)dz¯|z − 1|2 + t2
)
∧ dt
t
, T e0,ε
〉∣∣∣
≤
∣∣∣〈1
2
(z¯ − 1)dz − (z − 1)dz¯
|z − 1|t ∧
dt
t
, T e0,ε
〉∣∣∣ ≤ c2ε log ε
for some c1 > 0, c2 > 0. Hence, as ε → 0+ the term 〈w2, T eε 〉 does not
contribute.
4.4.3. Computation of 〈w1, Lc〉. We only deal with the case when vi is finite
since the concerning term is trivial when vi =∞ by the definition of (w1)γ−1 .
Recalling Lcε =
∑n
i=1 g
1
i,ε ⊗ [κi], we consider
〈w1, g1i,ε ⊗ [κi]〉 = 〈(w1)κi , g1i,ε〉 = 〈σ∗i (w1)κi , gε〉
=
〈
(δw1)σ−1i ,κi
+ (w1)σ−1i κi
− (w1)σ−1i , gε
〉
.
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Here we may assume that gε = gˆε ∪ gˇε where
gˆε =
{
(z, t) ∈ U3 | z = 1 + iy, |y| ≤ 1√
ε
, t =
1
ε
}
,
gˇε =
{
(z, t) ∈ U3 | z = 1 + iy, y = ± 1√
ε
,
√
ε ≤ t ≤ 1
ε
}
by Lemma 4.3. For (δw1)σ−1i ,κi
, we use (5.11) in [9] to obtain
(δw1)σ−1i ,κi
=
i
4
(− log(|z|2 + t2)) (d log |z + 1|2)
− i
4
(− log(|z + 1|2 + t2)) (d log |z|2)
− i
4
(
log t2 − log(|z|2 + t2)− log(|z + 1|2 + t2)) (R(z, t) + R¯(z, t)) ,
where R(z, t) = (|z|2 + t2)−2(z + 1)−1 (−z¯|z|2dz + zt2dz¯ + 2t|z|2dt). Com-
bining this and (5.10) in [9],
(δw1)σ−1i ,κi
+ (w1)σ−1i κi
− (w1)σ−1i
=
i
4
Φ(z, t)
(
d log |z + 1|2 − d log |z|2 −R(z, t)− R¯(z, t)),
where
Φ(z, t) := log t2 − log (|z + 1|2 + t2)− log (|z|2 + t2) .
Then we can see that ∣∣Φ(z, t)∣∣ ≤ c1| log ε|
over gε, for a constant c1 > 0. Using this, it is easy to show∣∣∣ ∫
gε
Φ(z, t)(R(z, t) + R¯(z, t))
∣∣∣ ≤ c2 ε| log ε|
for a constant c2 > 0. The other integrand Φ(z, t)
(
d log |z + 1|2 − d log |z|2)
vanishes over gˇε. Hence, we need to check the integral of this over gˆε. For
this, we have
Φ(z, t) = 2 log ε− log
(
(1 + ε2(y2 + 4))
(1 + ε2(y2 + 1))
)
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over gˆε. Hence,∣∣∣ ∫
gε
Φ(z, t)
(
d log |z + 1|2 − d log |z|2) ∣∣∣
≤
∣∣∣ ∫ ε−1/2
−ε−1/2
2 log ε
(
d log(y2 + 4)− d log(y2 + 1)) ∣∣∣
+
∣∣∣ ∫ ε−1/2
−ε−1/2
log
(
(1 + ε2(y2 + 4))
(1 + ε2(y2 + 1))
)(
d log(y2 + 4)− d log(y2 + 1)) ∣∣∣
≤ c3 ε| log ε|
for a constant c3 > 0. Let us remark that the integral in the second line
vanishes since the one form d log(y2 + 4)− d log(y2 + 1) is odd with respect
to y. Combining the above computations, we have∣∣∣〈(δw1)σ−1i ,κi + (w1)σ−1i κi − (w1)σ−1i , gε〉∣∣∣ ≤ c ε| log ε|
for a constant c > 0. Therefore, the term 〈w1, Lcε〉 does not contribute when
we take ε→ 0+.
4.4.4. Computation of 〈w1, Leε〉. Let us recall that
(w1)γ−1 = −
i
8
log
(|ct|2Jγ(Z))(γ′′
γ′
dz − γ
′′
γ′
dz¯
)
.
Recall that h1j,ε = Hj,ε ∩ T ej,ε and we can see that
Leε =
r∑
j=1
h1j,ε ⊗ [τj] → Le =
r∑
j=1
hj ⊗ [τj] as ε→ 0+,
where hj is the geodesic connecting the two fixed points w1 and w2 under
the action of the elliptic element τj. It starts at w2 and ends at w1.
lim
ε→0+
〈w1, Leε〉 =
r∑
j=1
〈(w1)τj , hj〉.
For this geodesic hj which is the Euclidean semicircle in U
3 perpendicular
to C at w1 and w2, we use the following parametrization of hj:
s ∈ [0, 1] −→ hj(s) = (z(s), t(s)),
where z(s) = s(w1 −w2) + w2 and t(s) = |w1 − w2|
√
s− s2 satisfying∣∣∣∣z(s)− w1 +w22
∣∣∣∣2 + t(s)2 = ∣∣∣∣w1 − w22
∣∣∣∣2 .
For the elliptic element τj, we have
τ−1j (z) =
(w1e
iβ − w2e−iβ)z − w1w2(eiβ − e−iβ)
(eiβ − e−iβ)z − (w2eiβ − w1e−iβ) ,
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where eiβ = eiπ/m. Hence,
τ−1′j (z) =
(w1 − w2)2
((eiβ − e−iβ)z − (w2eiβ − w1e−iβ))2
. (4.8)
Lemma 4.4. Along the curve hj(s),
d
ds
log Jτ−1j
(hj(s)) = 0.
Proof. Notice that
d
ds
log Jτ−1j
(hj(s))
=− c z
′(s) (c¯z¯(s) + d¯) + c¯ z¯′(s) (cz(s) + d) + 2t(s)t′(s)|c|2
|cz(s) + d|2 + |ct(s)|2 ,
where
c = c(τ−1j ) = e
iβ − e−iβ , d = d(τ−1j ) = w1e−iβ − w2eiβ , (4.9)
z′(s) = w1 − w2, 2t(s)t′(s) = (1− 2s)|w1 − w2|2.
Using
cz(s) + d = (w1 − w2)
(
seiβ + (1− s)e−iβ
)
, (4.10)
one can show that the numerator vanishes. 
Lemma 4.5. For γ = τ−1j , the equality
γ′′
γ′
dz − γ
′′
γ′
dz¯ = −2d log (e
iβ − e−iβ)s+ e−iβ
(e−iβ − eiβ)s+ eiβ
holds along the curve z(s).
Proof. This follows from the equality (4.8) and (4.10). 
By Lemma 4.4 and Lemma 4.5,∫ 1−δ1
δ0
(w1)τj
=
i
4
∫ 1−δ1
δ0
log
(|ct|2Jγ(Z)) d log (eiβ − e−iβ)s+ e−iβ
(e−iβ − eiβ)s+ eiβ
=
i
4
∫ 1−δ1
δ0
d
(
log
(|ct|2Jγ(Z)) · log (eiβ − e−iβ)s+ e−iβ
(e−iβ − eiβ)s+ eiβ
)
− i
4
∫ 1−δ1
δ0
log
(eiβ − e−iβ)s+ e−iβ
(e−iβ − eiβ)s + eiβ d log
(|ct|2)
= (I) + (II)
for some small δi > 0 with i = 0, 1 and γ = τ
−1
j .
Lemma 4.6. As s→ 0 or s→ 1, Jτ−1j (hj(s))→ |w1 − w2|
−2.
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Proof. This follows from the equality (4.9). 
Now we take δ0 and δ1 to be the parameters whose images of the curve
hj(s) meet the hypersurface defined by f(z, t) = ε. Since the t-coordinate of
the hypersurface is given by t = εe−φ/2+O(ε3) and t(s)2 = |w1−w2|2(s−s2),
we have
δ0 = ε
2e−φ(w2)|w1 − w2|−2 +O(ε3),
δ1 = ε
2e−φ(w1)|w1 − w2|−2 +O(ε3).
By these,
(I) =
i
4
(
log(|c|2|w1 − w2|2Jτ−1j (Z)) · log
(eiβ − e−iβ)s + e−iβ
(e−iβ − eiβ)s+ eiβ
)]1−δ1
δ0
+
i
4
(
log(s− s2) · log (e
iβ − e−iβ)s+ e−iβ
(e−iβ − eiβ)s+ eiβ
)]1−δ1
δ0
= −2β
(
log |eiβ − e−iβ|
)
+O(ε)
− β
2
(4 log ε− 4 log |w1 − w2| − φ(w1)− φ(w2)) +O(ε)
= −β
2
(
4 log ε− (φ(w1) + φ(w2)) + 4 log |eiβ − e−iβ | − 4 log |w1 − w2|
)
+O(ε).
For the term (II),
(II) = − i
4
∫ 1−δ1
δ0
ds
(
1
s
− 1
1− s
)
log
(eiβ − e−iβ)s + e−iβ
(e−iβ − eiβ)s+ eiβ
=
i
4
∫ 1−δ1
δ0
ds 2iβ
(
1
s
+
1
1− s
)
− i
4
∫ 1−δ1
δ0
ds
1
s
log
1 + s(e2iβ − 1)
1 + s(e−2iβ − 1)
− i
4
∫ 1−δ1
δ0
ds
1
1− s log
1 + (1− s)(e2iβ − 1)
1 + (1− s)(e−2iβ − 1)
= (III) + (IV) + (V).
For (III),
(III) = −β
2
(−4 log ε+ (φ(w1) + φ(w2)) + 4 log |w1 − w2|) +O(ε).
Using the definition of dilogarithm function (2.19), we have
(IV) + (V) =
i
2
(
Li2(1− e2iβ)− Li2(1− e−2iβ)
)
+O(ε).
Note that the diverging terms in (I) and (III) cancel each other. Hence, we
can formulate the concerning integral in terms of the principal value of the
integral. Combining all these computations, we have
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〈w1, Le〉 =
r∑
j=1
p.v.
∫
hj
(w1)τj
= −
r∑
j=1
(
π
mj
log
(
4 sin2
π
mj
)
− i
2
(
Li2(1− e
2pii
mj )− Li2(1− e−
2pii
mj )
))
= −
r∑
j=1
D
(
1− e
2pii
mj
)
(4.11)
Using the Bloch-Wigner function D(z) (2.20) and the identity
D(z) = −D(1− z),
we can rewrite the equality (4.11) as follows:
Theorem 4.7.
〈w1, Le〉 =
r∑
j=1
D
(
e
2pii
mj
)
.
For eφ(z)|dz|2 ∈ CM(X ⊔ Y ), as in [9], we define the regularized on-shell
Einstein-Hilbert action functional as
E [φ] = −4 lim
ε→0
(
Vε[φ]− 1
2
Aε[φ] + 2πχ(X) log ε
)
. (4.12)
In other words, E [φ] is −4 times the renormalized volume of the hyperbolic
three manifold M ≃ Γ\U3. The computations above shows that E [φ] is
the Liouville action up to some topological data of the quasi-Fuchsian 3-
manifold. More precisely,
Theorem 4.8. For a quasi-Fuchsian group Γ of type (g, n;m1, . . . ,mr) and
eφ(z)|dz|2 ∈ CM(X ⊔ Y ) where X = Γ\Ω1, Y = Γ\Ω2,
E [φ] = S[φ]−
∫∫
Γ\Ω
eφ(z)d2z − 8πχ(X) log 2− 4
r∑
j=1
D
(
e
2pii
mj
)
. (4.13)
Notice that there are contributions from the elliptic fixed points which do
not depend on moduli parameters.
Corollary 4.9. The Liouville action functional defined by (2.14) is inde-
pendent of the choice of fundamental domain.
Of particular interest is when Γ is a Fuchsian group. Using Theorem 2.5,
we find that
Theorem 4.10. When Γ is a Fuchsian group and φ = ϕ is the hyperbolic
metric,
E [ϕ] = 4πχ(X)(1 − 2 log 2).
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In other words, the renormalized volume of M ≃ Γ\U3 is equal to
πχ(X)(2 log 2− 1).
When Γ contains elliptic elements, the appearance of the terms given by
the Bloch-Wigner functions in (4.13) might be seemed intriguing. However,
such a term already appears in the classical Liouville action. In fact, as
shown in Theorem 4.10, this term cancels out when Γ is a Fuchsian group
and φ is the hyperbolic metric. In general, the Bloch-Wigner function term
is an attribute of the Liouville action when Γ contains elliptic elements.
5. Potential of the TZ metric for an elliptic fixed point
Given a quasi-Fuchsian group Γ of type (g, n;m1,m2, . . . ,mr), let τj be an
elliptic generator with fixed points w1j and w2j on Ω1 and Ω2 respectively.
Corresponding to τj , there are Takhtajan-Zograf metrics on the Teichmu¨ller
space T(Γ1) for the Riemann surface X ≃ Γ\Ω1 ≃ Γ1\U and the Teichmu¨ller
space T(Γ2) for the Riemann surface Y ≃ Γ\Ω2 ≃ Γ2\L. They are given by
〈µ, ν〉ell,1TZ,j =
∫∫
Γ\Ω1
G(w1j , z)µ(z)ν(z)ρ(z)d
2z,
〈µ, ν〉ell,2TZ,j =
∫∫
Γ\Ω2
G(w2j , z)µ(z)ν(z)ρ(z)d
2z
respectively. Here G(z, z′) denotes the integral kernel of
(
∆0 +
1
2
)−1
where
∆0 is the hyperbolic Laplacian acting on the space of functions. We refer to
[11] for more details about these metrics where a potential function has also
been constructed on the Schottky deformation space. In this section, we
want to construct a potential function for this metric on the quasi-Fuchsian
deformation space.
Consider the function
s1j = ϕ(w1j) = log
∣∣(J−11 )z(w1j)∣∣2[
Im
(
J−11 (w1j)
)]2
on the Teichmu¨ller space for the Riemann surface X ≃ Γ\Ω1. Here w1j is
chosen so that it varies continuously with respect to moduli parameter. Since
J−11 is a univalent function on Ω1, (J
−1
1 )z(w1j) 6= 0 and this is well-defined.
Choosing a different representative w˜1j = γw1j for some γ ∈ Γ, we find
that
s1j = ϕ(w1j) = ϕ(w˜1j) + log |γ′(w1j)|2 = s˜1j + log |γ′(w1j)|2.
Since γ varies holomorphically with respect to moduli, we find that
Lν¯Lµs1j
does not depend on the choice of the representative point w1j.
LIOUVILLE ACTION AND HOLOGRAPHY 37
On the Teichmu¨ller space for the Riemann surface Y ≃ Γ\Ω2, one can
define the function s2j = ϕ(w2j) in the same way. The same properties as
above hold for s2j .
On the deformation space D(Γ), the function
sj = ϕ(w1j) + ϕ(w2j) + 2 log |w1j − w2j |2
does not depend on the choice of representatives. Indeed for any γ ∈ Γ, we
have
ϕ(γ(w1j)) + ϕ(γ(w2j)) + 2 log |γ(w1j)− γ(w2j)|2
=ϕ(γ(w1j)) + ϕ(γ(w2j)) + log |γ′(w1j)|2 + log |γ′(w2j)|2 + 2 log |w1j − w2j|2
=ϕ(w1j) + ϕ(w2j) + 2 log |w1j − w2j|2.
Theorem 5.1. Let ωell,i
TZ,j be the symplectic form of the Takhtajan-Zograf
metric on the Teichmu¨ller space T(Γi) for i = 1, 2 corresponding to the
elliptic element τj. Then
∂¯∂s1j = iω
ell,1
TZ,j, ∂¯∂s2j = iω
ell,2
TZ,j .
Hence, 2sj is a well-defined potential over D(Γ) ≃ T(Γ1) × T(Γ2) of the
Takhtajan-Zograf metric for the ramification point corresponding to τj .
Proof. It suffices to prove that for a harmonic Beltrami differential µ over
X ≃ Γ\Ω1,
Lµ¯Lµs1j =
1
2
∫∫
Γ\Ω1
G(w1j , z)µ(z)µ(z)ρ(z)d
2z.
Let µ˜ = J∗1µ and let ρˆ be the hyperbolic metric on U. From the commutative
diagram
U
F εµ˜−−−−→ UyJ1 yJε1
Ω1
fεµ−−−−→ Ωεµ1
we have
ϕε ◦ f εµ + log |f εµz |2 = log
(
F εµ˜∗ρˆ
) ◦ J−11 + log ∣∣∣(J−11 )′∣∣∣2 .
From this and the Ahlfors formulae [1]:
∂
∂ε
∣∣∣∣
ε=0
F εµ˜∗ρˆ =0,
∂
∂ε¯
∣∣∣∣
ε=0
F εµ˜∗ρˆ =0,
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and the Wolpert’s formula [12]:
∂2
∂ε¯∂ε
∣∣∣∣
ε=0
F εµ˜∗ρˆ =
1
2
ρˆ
(
∆˜0 +
1
2
)−1
|µ˜|2
where ∆˜0 is the hyperbolic Laplacian over U acting on functions, we have
∂2
∂ε¯∂ε
∣∣∣∣
ε=0
sε1j =
∂2
∂ε¯∂ε
∣∣∣∣
ε=0
ϕε ◦ f εµ(w1j)
=
1
2
(
∆˜0 +
1
2
)−1
|µ˜|2 ◦ J−11 (w1j)
=
1
2
(
∆0 +
1
2
)−1
|µ|2 (w1j)
=
1
2
∫∫
Γ\Ω1
G(w1j , z)µ(z)µ(z)ρ(z)d
2z.
This and the similar result for i = 2 complete the proof of the first claim. The
second claim follows from the fact that w1j and w2j varies holomorphically.

For the geodesic hj connecting two fixed points w1 and w2, its renormal-
ized length is defined by
Length(hj) = f.p. lim
ε→0
length(Rε ∩ hj),
where the length is measured by the induced metric on the geodesic hj from
the hyperbolic metric. By the isometry carrying hj to the t-axes given by
ρ−1j in (4.5), the renormalized length can be computed by the length of the
corresponding subset of the t-axes. By Lemma 4.2, we can see that the
intersection points of hj and the hypersurface f(z, t) = ε are mapped to the
following points at t-axis:
t1 = εe
−ϕ(w1)/2|w1 − w2|−1 +O(ε2), t2 = ε−1eϕ(w2)/2|w1 − w2|+O(ε2).
Hence, the length of hj,ε is∫ t2
t1
dt
t
= −2 log ε+ 1
2
(ϕ(w1) + ϕ(w2)) + 2 log |w1 − w2|+O(ε).
Now we can see that the renormalized length is
Length(hj) =
1
2
(ϕ(w1) + ϕ(w2)) + 2 log |w1 − w2|,
which is just the same as 12sj. By Theorem 5.1, this does not depend on the
choice of the fundamental domain, and we have
Theorem 5.2. 4Length(hj) = 2sj is the potential of the Takhtajan-Zograf
metric on D(Γ) ≃ T(Γ1)× T(Γ2) corresponding to the elliptic element τj.
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Appendix A. Boundary behavior of the hyperbolic metric
In this appendix, we collect some facts about the boundary behaviours of
ϕ. First we quote some important results about univalent functions on the
unit disc (see Theorem 2.4 and Theorem 2.5 in p. 32 of [8]).
Theorem A.1. If f : D → C is a univalent function on the unit disc
normalized such that f(0) = 0 and f ′(0) = 1, then
(a) |f ′(z)| ≤ 1 + |z|
(1− |z|)3 ,
(b)
∣∣∣∣zf ′′(z)f ′(z) − 2|z|21− |z|2
∣∣∣∣ ≤ 4|z|1− |z|2 .
Given an arbitrary univalent function f : D→ C, let
g(z) =
f(z)− f(0)
f ′(0)
.
Then g(0) = 0 and g′(0) = 1. From this, we obtain
Corollary A.2. If f : D→ C is a univalent function on the unit disc, then
(a) |f ′(z)| ≤ 16|f
′(0)|
(1− |z|2)3 ,
(b)
∣∣∣∣zf ′′(z)f ′(z) − 2|z|21− |z|2
∣∣∣∣ ≤ 4|z|1− |z|2 .
From (a) of Corollary A.2, we obtain
Corollary A.3. If f : D→ C is a univalent function on the unit disc, then
as |z| → 1−,
|f ′(z)| = O
(
1
(1− |z|2)3
)
.
Let σ be the linear fractional transformation
σ(z) =
z − i
z + i
.
Then σ maps U onto D. Given a quasi-Fuchsian group Γ with domain of
discontinuity Ω1 ⊔ Ω2, let Ξ = J1 ◦ σ−1. Then Ξ maps D biholomorphically
onto Ω1. The hyperbolic metric e
ϕ(z)|dz|2 on Ω1 satisfies
eϕ◦Ξ(z)|Ξ′(z)|2 = 4
(1− |z|2)2 .
From this, we find that
ϕ ◦ Ξ(z) = log 4− 2 log(1− |z|2)− log |Ξ′(z)|2, (A.1)
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ϕz ◦ Ξ(z)Ξ′(z) + Ξ
′′(z)
Ξ′(z)
=
2z¯
1− |z|2 . (A.2)
Lemma A.4. As z approaches the limit set C,
ϕ(z) = O
(
log
(
1− ∣∣Ξ−1(z)∣∣2)) = O (log [(Im J−11 (z))2]) .
Proof. From (A.1), we have
ϕ(z) = log 4− 2 log (1− |Ξ−1(z)|2)− log |Ξ′(Ξ−1(z))|2.
By Corollary A.3, we have
log |Ξ′(Ξ−1(z))|2 = O (log (1− |Ξ−1(z)|2))
The assertion follows from the fact that
1− |σ(z)|2 = 4 Im z|z + i|2 .

Theorem A.5. Let Ω1 be a component of the domain of discontinuity of the
quasi-Fuchsian group Γ, and let F1 be a fundamental domain for the action
of Γ on Ω1. Then the integral∫∫
F1
(|ϕz|2 + eϕ) d2z
is well-defined.
Proof. The group
Γˆ1 = Ξ
−1 ◦ Γ ◦ Ξ
is a subgroup of PSU(1, 1). Let v1, . . . , vn be the parabolic fixed points of
Γ and let xi = Ξ
−1(vi) be the corresponding parabolic fixed points of Γˆ1.
Define
F ε1 = F1 \
n⋃
i=1
Ξ ({|z − xi| < ε}) .
We want to show that the limit
lim
ε→0+
∫∫
F ε1
(|ϕz |2 + eϕ) d2z
exists. Notice that∫∫
F ε1
(|ϕz|2 + eϕ) d2z = ∫∫
Ξ−1(F ε1 )
(
|ϕz ◦ Ξ(z)Ξ′(z)|2 + eϕ◦Ξ(z)|Ξ′(z)|2
)
d2z.
By (A.2) and Corollary A.2,
|ϕz ◦ Ξ(z)Ξ′(z)| =
∣∣∣∣Ξ′′(z)Ξ′(z) − 2z¯1− |z|2
∣∣∣∣ ≤ 41− |z|2 .
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Therefore,∫∫
Ξ−1(F ε1 )
(
|ϕz ◦ Ξ(z)Ξ′(z)|2 + eϕ◦Ξ(z)|Ξ′(z)|2
)
d2z ≤5
∫∫
Ξ−1(F ε1 )
4
(1− |z|2)2d
2z.
As ε→ 0+, ∫∫
Ξ−1(F ε1 )
4
(1− |z|2)2 d
2z
gives the hyperbolic area of the Riemann surface X = Γ\Ω1, which is finite.
This proves the assertion of the theorem. 
Lemma A.6. Assume that w1 and w2 are the fixed points of the elliptic
element τ ∈ PSL(2,C) of order m, then
(a) |τ ′(w1)| = |τ ′(w2)| = 1,
(b)
τ ′′(w1)
τ ′(w1)
=
2
(
e
2pii
m − 1
)
w1 − w2 ,
(c)
τ ′′(w2)
τ ′(w2)
=
2
(
1− e− 2piim
)
w1 − w2 .
Proof. A direct computation from the expression of τ in (4.5) gives the
desired result. 
Lemma A.7. Assume that v 6= ∞ is a fixed point of the parabolic element
κ =
(
1 + qv −qv2
q 1− qv
)
∈ PSL(2,C), then as z → v,
(a) κ′(z) = 1 +O((z − v)),
(b)
κ′′(z)
κ′(z)
= −2q +O((z − v)).
Proof. A direct computation from the expression of κ in (4.2) gives the
desired result. 
Theorem A.8. The classical Liouville action S[ϕ] is well-defined.
Proof. Recall that the classical Liouville action is defined as
S[ϕ] =
i
2
(
〈ω[ϕ], F1 − F2〉 − 〈θˇ[ϕ], L1 − L2〉+ 〈uˇ,W1 −W2〉
)
.
Theorem A.5 shows that 〈ω[ϕ], F1 − F2〉 is well-defined. Lemma A.4 and
Lemma A.7 show that 〈θˇ[ϕ], L1−L2〉 is well-defined. Lemma A.6 and Lemma
A.7 show that 〈uˇ,W1 −W2〉 is well-defined. 
In the following, we want to justify the applicability of the Stokes’ Theo-
rem in the proof of Theorem 3.3.
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Given µ ∈ Ω−1,1(Γ), we can write it as µ = µ1+µ2, where µi has support
on Ωi, i = 1, 2. Let us just concentrate on µ1. It can be written as
µ1(z) = e
−ϕ(z)Q(z),
where Q(z) is a cusp form of weight 4 for Γ. Let v be the fixed point of the
parabolic element κ ∈ Γ. There is a biholomorphism J : U → Ω1 such that
J(∞) = v, and
J−1 ◦ κ ◦ J =
(
1 1
0 1
)
.
Notice that X ≃ Γ˜\U, where Γ˜ = J−1 ◦ Γ ◦ J .
µ˜ = µ1 ◦ J J
′
J ′
is a cusp form of Γ˜. It has an expansion of the form
µ˜(z) = y2
∞∑
k=1
ake
−2πikz¯.
Therefore,
µ1(z) =
(
Im J−1(z)
)2 ∞∑
k=1
ake
−2πikJ−1(z) J
−1′(z)
J−1′(z)
.
Hence,
|µ1(z)| ∼ C
(
ImJ−1(z)
)2
exp
(−2πIm J−1(z))→ 0 (A.3)
as z → v.
Lemma A.9. Let v be the fixed point of the parabolic element κ ∈ Γ. Then
f˙zz¯(z)→ 0 as z → v.
Proof. Recall that f˙z¯(z) = µ(z) = µ1(z) + µ2(z). Then, by this and (3.1),
f˙zz¯(z) = −ϕz(z)µ1(z)− ϕz(z)µ2(z).
Lemma A.4 and (A.3) show that f˙zz¯ → 0 as z → v. 
Now we consider f˙(z), f˙z(z) and f˙zz(z). Recall that
f˙(z) =− 1
π
∫∫
Ω1
µ1(ζ)
(ζ − z)
z(z − 1)
ζ(ζ − 1)d
2ζ − 1
π
∫∫
Ω2
µ2(ζ)
(ζ − z)
z(z − 1)
ζ(ζ − 1)d
2ζ
=A(z) +B(z).
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It suffices to consider A(z).
A(z) =− 1
π
∫∫
|ζ−z|≤ǫ
µ1(ζ)
(ζ − z)
z(z − 1)
ζ(ζ − 1)d
2ζ − 1
π
∫∫
|ζ−z|≥ε
µ1(ζ)
(ζ − z)
z(z − 1)
ζ(ζ − 1)d
2ζ,
Az(z) =− 1
π
∫∫
|ζ−z|≤ǫ
µ1(ζ)
(
1
(ζ − z)2 −
1
ζ(ζ − 1)
)
d2ζ
− 1
π
∫∫
|ζ−z|≥ε
µ1(ζ)
(
1
(ζ − z)2 −
1
ζ(ζ − 1)
)
d2ζ,
Azz(z) =− 2
π
∫∫
|ζ−z|≤ǫ
µ1(ζ)
(ζ − z)3 d
2ζ − 2
π
∫∫
|ζ−z|≥ε
µ1(ζ)
(ζ − z)3 d
2ζ.
These together with (A.3) imply that A(z), Az(z) and Azz(z) are bounded
when z → v. Hence,
Lemma A.10. Let v be the fixed point of the parabolic element κ ∈ Γ. Then
f˙(z), f˙z(z) and f˙zz(z) are bounded when z → v.
Using the notation in Theorem 3.3, we have
Theorem A.11.
〈dξ, F1 − F2〉 =
〈
ξ, ∂′(F1 − F2)
〉
.
Proof.
ξ =− 2f˙zz¯dz¯ − ϕf˙zz¯dz¯ − ϕf˙zzdz.
Lemma A.4, Lemma A.9 and Lemma A.10 prove the assertion. 
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